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<D . Abstract 

We study a holographic description for correlation function of 1/4 BPS Wilson loop opera- 
tor and 1/2 BPS local operator carrying a large R-charge of order a/A. We construct a rotating 
string solution which is extended in S 5 as well as in AdSs. The string solution preserves the 
1/8 of the supersymmetry as expected from the gauge theory computation. By evaluating the 
string action including boundary terms we show that the string solution reproduces correlation 
function in large J ~ 0(\/~\) limit. In addition, we found the second solution for which the 
"size" of the string becomes larger than the radius of S 5 . In the case J = 0, this solution 
reduces to the previously known unstable string configuration. The gauge theory side also 
contains a saddle point which is not on the steepest descent path. We show that the saddle 
point value matches for this case as well. 



*e-mail address: cstkll001@g. nihon-u.ac.jp 
^e-mail address: akitsugu@phys.cst.nihon-u.ac.jp 



Contents 



1 Introduction 

2 Correlation Function in Gauge Theory 2 

2.1 Wilson Loop and Local Operator 2 

2.2 Saddle Points for Bessel Function 

3 Semi-classical Computation in Gravity Side 4 

3.1 Solution in Global Coordinate 4 

3.2 BPS Condition 7 

3.3 Solution in Poincare AdS |9 

3.4 Evaluation of Action 1Q 

3.5 Generic Configuration 12 

3.6 Second Solution |l4 

4 Summary and Discussion \15 



1 Introduction 

Since the AdS/CFT correspondence was proposed [I][2][3], a wide range of its aspects has 
been investigated. Among these, the correspondence between a Wilson loop and semi-classical 
string propagation in the bulk j3] [5] [B] is an example in which precise agreement can be studied 
explicitly. In that context, great successes have been made first by summing up all the ladder 
diagrams |7J|8J|9J and then by using the localization technique [10], which made it possible 
to compute the expectation value of the circular Wilson loop for finite N and finite A in the 
gauge theory side. 

In the gravity side, there have been several attempts to go beyond the standard large N 
and large A limit by considering the system in which additional parameters come into the 
analysis. In [TTJ the number of the string charge is taken to be large, which makes it possible 
to discuss the all genus contribution, although the large N limit is assumed. In [12], a large 
angular momentum [13] is introduced for the study of correlation function between the Wilson 
loop and a local operator [13]. It was found that the semi-classical string analysis reproduces 
the gauge theory result which is derived by summing up all the ladder diagrams [9] . For semi- 
classical analysis of the correlation functions which include Wilson loop and large R-charge see, 
for example, the papers [15] [16]. On the other hand, the 1/4 BPS Wilson loop, which depends 
on the parameter corresponding to the S 5 angle in the gravity side is studied in [TT] [TS] . 

In the present paper, we consider the correlation function between the 1/4 BPS Wilson 
loop and the 1/2 BPS local operator carrying a large R-charge. This amounts to introducing 
both of the parameters introduced in [12] and [T7J at the same time. For this purpose, we 
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need to construct a string solution which is extended both in the AdSs and the S 5 part and 
rotating in the S 5 . 

Regarding the 1/4 BPS Wilson loop, one of the interesting features found in [17] is that 
there exist two solutions representing a stable and an unstable string configuration. These 
solutions reproduce the contributions coming from two saddle points in the gauge theory side. 
One of the motivations for the present work is to investigate the same issue in the case with 
large angular momentum. 

The paper is organized as follows. In section [5J we review the results in the gauge theory 
side and the saddle points for the Bessel function. We study the semi-classical description in 
the gravity side in section |3j We start with constructing the string solution in subsection 13.11 by 
using the global coordinate for the bulk geometry, and study its supersymmetry property of the 
solution in subsection 13.21 Then in subsections I3.3H3.41 we evaluate the string action including 
appropriate boundary terms and compare it with the gauge theory results. In subsection 13. 5\ 
we construct a string solutions corresponding to generic configurations for the Wilson loop 
and local operator. The correspondence for the solution whose "size" becomes larger than 
the S 5 , which is found in subsection 13.11 is further investigated in subsection 13.61 Section @] is 
devoted to the summary and discussion. 

2 Correlation Function in Gauge Theory 
2.1 Wilson Loop and Local Operator 

The main goal of the present paper is to study the AdS/CFT correspondence for the correlation 
function between a 1/4 BPS Wilson loop and a 1/2 BPS local operator with large R-charge 
J of order vA (A is the 't Hooft coupling), 

(W(C)Oj(x )) . (2.1) 

The explicit forms of W(C) and Oj are as follows 

W(C) = trPexp J da^iA^x" + \x\$iQ^ , (2.2) 

Oj = tr($3-^4) J . (2.3) 

Here the loop C for the Wilson loop is taken to be a circle on the (xi, x<i) plane 

x(o) = (r cos a , r sin a , , 0) , (2.4) 

and the a dependent 6 dimensional unit vector is taken to be 

0(a) = (sin 9 cos a , sin 9 sin a , cos 9 cos Xo , cos #o sin Xo > 0,0), (2.5) 

where #o and xo are constants. The position xq of the local operator is taken to be xq = 
(0, 0, 0, £). We will study other cases in subsection 13.51 from the gravity side, where the Wilson 
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loop is also changed. The parameter xo can be eliminated from the Wilson loop by the field 
redefinition 

$' 3 - i$' 4 = e ixt) ($ 3 - *$ 4 ) . (2.6) 
After the redefinition, the local operator is changed by a phase factor 

Oj = e- iJ *°tr[($ 3 - z$' 4 ) J ] , (2.7) 

and the correlation functions with xo 7^ an d Xo = are related by the factor 

(W(C X0 ^ )Oj) = e- u ^(W(C X0=0 )Oj) . (2.8) 

Hence the system is same as the one studied in [19], except that we consider the large R-charge. 
The large N limit of the correlation function is computed by summing up all the planar ladder 
diagrams and the result is given by the following form [9j[19j: 

(w(c)} (r-> + py yx i x (y/x)> w 

where Ij and I\ represent the modified Bessel functions and A' = A cos 2 8q. In [19], the large A 
limit of the correlation function is reproduced by considering the bulk local fields propagating 
from the AdS boundary to the string worldsheet. In the case with large R-charge, the effect 
of the vertex operator inserted on the worldsheet is not negligible and the saddle point for 
string path integral is changed. A resulting solution in the case with 1/2 BPS Wilson loop 
(9 = 0) is derived in [12] and it is shown that the large J(~ vA) behavior of the gauge theory 
correlation function is reproduced from the semi-classical string propagation. 

The semi-classical analysis of the 1/4 BPS system shows interesting features such as the 
existence of an unstable saddle point [17] . Since the large R-charge changes the string saddle 
point [12] . it is interesting to study the structure of the saddle point in this case both in the 
gauge theory and the string theory. 



2.2 Saddle Points for Bessel Function 

Before studying saddle points in the string theory, we consider the structure of the saddle 
points for the Bessel function [20] ■ Let us take the following integral representation of the 
modified Bessel function 

Ij(yf)>)=— e^ coshz - Jz dz. (2.10) 

Joc—ni 

Here the original contour is defined by z — u — in (— oo < u < 0), z — iu {— rr < u < ir) and 
z = u + in (0 < u < oo). The saddle points are located at the roots of the equation 



sinh z — j' = , 




(2.11) 
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The solutions for the saddle point equation are given by 



. f' + 2nni , . , 

*=\ 1, , 9 ' x ■ n = 0,±l,±2,... , (2-12) 



where £' = log (-\/j /2 + 1 + J 7 ) • We consider the range — it < hn[z] < n. We can choose the 
steepest descent path which comes from 00 — and passes through the saddle point z = £' 
then goes to oo + ni. The leading behavior of the Bessel function evaluated at the saddle point 
is given by 

Ij(v^) ~ e ^(V^+f^V^-f)) . (2.13) 

This is a generalization of the analysis of [12] to include the parameter 9q, namely the param- 
eters are changed as A' = A cos 2 9 Q and f = j / cosOq. 

Since the remaining saddle points are not on the steepest descent path we take, they do 
not contribute to the asymptotic form of the modified Bessel function. However as we change 
the parameter j' — > 0, the steepest descent path is deformed to go through the points z = ±ni, 
and at the same time the saddle points z = — £' ± m are shifted to the points. Indeed this limit 
corresponds to the case studied in [17] , where it was found that there are two string solutions 
in the gravity side and that they reproduce the contribution from the two saddle points of the 
modified Bessel function ^(a/A 7 ) . Now we understand that the structure of the saddle points 
are changed by the effect of the large parameter J. So, it is interesting to ask what happens 
for the unstable solution discussed in [T7], since now the corresponding saddle point in the 
gauge theory side is not on the steepest descent path for the integral f)2.10p . 

Before ending this section, we give the expression of the saddle point value for the second 
saddle point: 



g-v/V coshi 



(_l)^e^(~v / ^+i-i ,lo g(v / i 75 +i-i')) _ (2.14) 



3 Semi-classical Computation in Gravity Side 
3.1 Solution in Global Coordinate 

In the gravity side, we start with the following coordinate system for the Lorentzian AdSsxS 5 : 

ds 2 = L 2 j — cosh 2 p<it 2 + dp 2 + sinh 2 p(d(p\ + sin 2 (fidtp 2 + cos 2 ^g^ 2 ) 

+ d6 2 + sin 2 9d(j) 2 + cos 2 9{dx\ + sin 2 Xidxl + cos 2 Xidxi) } • (3-1) 

We suppose that the Wilson loop on the boundary p = 00 is located at t = 0, while the local 
operator is at t = 00 and p = 0. Then the string propagates between them. For the S 5 part 
it is useful to consider the embedding coordinates 

Xi + iX 2 = sin Be** , X 3 + 1X4, = cos 9 sin X i^ X2 , <*5 + iX% = cos 9 cos X ie iX3 ■ (3.2) 
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For a fixed worldsheet time, r, the string is a circle on the (Xi,X 2 ) plane and localized on 
other planes. As for the r dependence, the string is rotating on (X 3 , X&) plane and also the 
"size" sin# of the string changes with respect to r. Namely the initial size is sin# , which is 
specified by the Wilson loop, while in the late time the string shrinks to a point sin# — > 
(r — > oo) and rotates along the great circle on the (X 3 , X4) plane. Based on these assumptions, 
we take the following ansatz: 

71 

t = t{T), p = p(r), <Pi=2> V2 = (t, (3.3) 
6 = 6(r), <j> = a, Xi = |, X2 = X2(r). (3.4) 

This ansatz corresponds to the AdSsxS 3 ansatz in [22] . 
The Polyakov action in the conformal gauge is given by 



S = ^- J drj - cosh 2 p(d T t) 2 + (d T p) 2 - sinh 2 p + cos 2 9(d rX 2) 2 + (d T 9) 2 - sin 2 flj . (3.5) 



2 

The equations of motion are 



d T (cosh 2 p«9 T t) = 0, (3.6) 

<9 2 p + sinhpcoshp((<9 r t) 2 + l) =0, (3.7) 

d r (cos 2 fl<9 r x 2 ) = 0, (3.8) 

d 2 9 + sin9cos9((d T X2) 2 + l) =0. (3.9) 

From these equations, we obtain four constants of motion: 

C t = cosh 2 pd T t , (3.10) 

C 2 = cos 2 9d rX 2 , (3.11) 

C 3 = - cosh 2 p(d T t) 2 + (d T p) 2 + sinh 2 p , (3.12) 

C 4 = cos 2 9(d TX 2? + {d T 9) 2 + sin 2 9 . (3.13) 

The Virasoro-Hamiltonian constraint imposes the condition C3 + C4 = . Since the each 
constant C\ and C 2 corresponds to the conformal weight and the R-charge of the operator 
Oj, respectively, we have C\ = C 2 = J/vA = j. Then our assumption (sin#,p) — > (0,0) in 
the limit r — > 00 consistently fixes all the constants: 

Cx=j, C 2 =j, C 3 = -f, C 4 = f. (3.14) 

By substituting these and (I3.10p . (13. lip into (I3.12p and (I3.13p . we obtain equations for p and 
9 

(d T p) 2 = - sinh 2 p - j 2 tanh 2 p , (3.15) 
(d T 9) 2 = - sin 2 9 -j 2 tan 2 9, (3.16) 
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which clearly shows that there is no real solution satisfying the boundary condition. Therefore, 
we consider Wick rotation te = ir and is = it and look for the Euclidean solution 



(d TE p) 2 = sinh 2 p + f tanh 2 p , (3.17) 
(d T J) 2 = sin 2 6 + j 2 tan 2 6 . (3.18) 



Now it is not difficult to find the following solutions for these equations 

sinh p = + 1 , (3. 19) 

sinh a/j 2 + lr E 

sin 9 = / j2 + 1 . (3.20) 

cosh a/j 2 + l(r E + r ) 

Here the constant tq (> 0) is related to the parameter 9q in the gauge theory side by 

./ j2 T 1 

sin 6 = yj . (3.21) 

cosh a/j 2 + Ito 

The equations for £e an d X2 can be solved and the solutions are given by 
, . 1, /cosMVFTTte + 0\ 

*e = jt-e - lo s — ; ; /■„ = ^ ' ( 3 - 22 ) 



2 Vcosh(v(fTlTE-£) 

i, / sinh(y/j 2 + l(r E + r ) + Q sinh(y/j 2 + lr - 

where ^ = log(y j 2 + 1 + j). The initial value of X2 is set to be ^2(0) = Xo, while that for 
£e is taken to be zero, t^O) = 0. Here since the angular momentum J (and hence j) is kept 
to be real, the solution for \2 becomes imaginary after Wick rotation. It is usual for the 
semi-classical analysis with large angular momentum [2lj [12J. 
From ( I3.18jl . we see that there is yet another solution 



sin 9 = v/j2 + 1 , (3.24) 

coshA/j 2 + l(-r E + r ) 

which satisfies the boundary condition; sin 9(0) = sin#o and in the late time it shrinks to a 
point, i.e., sin #(00) = 0. For this solution, sin# becomes larger than 1 which is out side of 
the original integral domain. However since we are now considering analytic continuation, the 
meaning of the integral domain is not very clear. In subsection 13.6} we study the property of 
the second solution and find that it corresponds to the saddle point of the Bessel function, 
which is not on the steepest descent path taken in the saddle point analysis in subsection 12.21 
Note that in the case J = 0, it reduces to the unstable string solution discussed in [T7] . 
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3.2 BPS Condition 



The BPS condition in the gauge theory side is addressed in [19] and it was found that the 
system is 1/8 BPS. Now we study the supersymmetry preserved by the solution discussed in 
the previous section. 

The vielbeins are taken as follows: 



(3.25) 



> 


= L cosh pdt , 




V 


= LdO , 


e 1 


= Ldp , 




e 6 


= L sin 0cf</> , 


< e 2 


= L sinh pdifi , 


< 


e 7 


= L cos 5 


e 3 


= L sinh p sin (pid(p% , 




e 8 


= Lcos^sinxi<iX2 


e 4 


= L sinh p cos (pid<p 3 , 




e 9 

v. 


= L cos 6* cosxi^X3 



The BPS condition in the Lorentzian signature is given by 

1 



d T X M d a X n r M r N a 3 e = e 



yj— det g 



(3.26) 



where g is induced metric on the worldsheet, f m is defined by f m = e^r a with constant 10- 
dimensional gamma matrices r a , and e is the Killing spinor on AdSsxS 5 . We use the notation 
in which the two Majorana-Weyl spinors with common chirality, e\, 62 are combined into a 
column vector e and the two by two matrix cr 3 acts on it, namely, in our notation, 



f2 



cr 3 e 



-62 



(3.27) 



Another notation often used in literature is to combine two Majorana-Weyl spinors into a single 
complex spinor and use the complex conjugation Ke = e* instead of the matrix notation 03. 
Since Wick rotation necessarily introduces i, which is not related to the operation in the space 
of two spinors, e\ and 62, we use the above notation in order to avoid possible confusion. 
For e we take the following form: 



ez 



«er*r x . 



e ^r 13e f £ r,r 5e fr 56e ^ £ r*r 8 



5 er*r 0p ^± 13 



(3.28) 



Here = r 01234 ) while e° and e° are constant Majorana-Weyl spinors with common chirality. 
The two by two matrix e = —i<72 acts on a generic spinor t (ipi,ip2) as s t (ipi, 1P2) — t {if J 2, —ipi)- 
The spinor e in (I3.28|) is the relevant part of the Killing spinor satisfying the following equation 



D M - ^-I J a/ I < = 



(3.29) 



By Wick rotation r E = ir, = it, the BPS condition (13 .26j) becomes 

i 



y/det g 



d TB X M d a X N r M T N a 3 e = e 



(3.30) 
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After Wick rotation, the spinors and e° are not assumed to be Majorana but we regard 
them as complex spinors. This does not mean that we have doubled the degrees of freedom, 
because the complex conjugate of the spinor, e*, will not appear in the following discussion. 
We regard this procedure as an analytic continuation for the spinor just like other bosonic 
string coordinates. 

By using the ansatz ( 13. 3j) . ( 13.4ft and Virasoro constraints, we obtain 

-(t E coshpr E + pT 1 + 9T 5 + x 2 cos 6T 8 ) (sinh pr 3 + sin#r 6 )<7 3 . (3.31) 



sinh 2 p + sin 2 9 

Here dots represent the derivative with respect to the Euclidean time r E . We first eliminate 
the a dependence of the Killing spinor (I3.28P by imposing the condition 

(r 13 + r 56 )( e e l ) =o. (3.32) 



Then e becomes 



e = e 2 



£ £ r*ri Q -^ £ r*r EQ ! £ r*r 5Q ^er\r 8 / e x 



L e 2 



^e 2 



e 2 



(3.33) 



Next we multiply the factor e 2 er * ri e 2 £r * r s on each side of ( I3.30p . Then it becomes Te = e 
with 

i E cosh p sin #r E6 + Xi smn P cos #r 83 + e ~ ter * rs sinh p(pT 13 + 9T 53 ) 

(3.34) 



sinh 2 p + sin 2 9 

+ e- p£r * ri sin 9(pT 16 + 9T 56 ) + e^^-P^*^ ^ CQgh p ginh ^ + ^ CQg Q gin ^ 



and 



e = e 2 



^e 2 



(3.35) 



After some calculation, T acting on e is further rewritten as 



r 13 e 



(i E cosh 2 peT+Te + X2 cos 2 fcr*]^ 



sinh 2 p + sin 2 # 

+ 9 TE ( sinh p sin 6Ti 6 + cosh p cos 6Ti 3 ) — cosh p cos 6Ti 3 (i E eI\r E + x 2 £i\r 8 ) cr 3 , (3.36) 



where we have used the first condition (13.321) . By using the equations of motion t E cosh p = j 
and X2 cos 2 9 = —ij, the round bracket in the first line in (I3.36P becomes j(eT^T E — ieT^T 8 ). 
Now we impose the second condition which is natural for the string with angular momentum 
on the S 5 : 

(r E -»r 8 )(|)=o. (3.37) 

Then by multiplying the factor e~^ er * rE e _2 ?" er * r8 , the BPS condition is reduced to 

s , JO 



sinh p + sin 9 



^(sinhpsin^rxe + coshpcos^r 13 e- er * (tErE+X2r8) )a 3 ( ) = ( )■ 



(3.38) 
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Since both of the solutions found in subsection 13. 1\ i.e., (I3.20p and (I3.24p . satisfy the relation 

(sinh p sin 0) = — sin 9 (smh 2 p + sin 2 6) , (3.39) 

the second term in the round bracket on the left hand side of ( 13.381) is expected to be propor- 
tional to sinh p sin 9 up to some additive constant. This is indeed the case and we have 



3 i X 2(o)er*r 



E 



cosh p cos 6e-^- lX2)£T * T * = ( sinh p sin 0^^. ± */— ^— + 1 + -J— eI\r B V 

\ sin Oq y cos"' 6q cos 6q J 

(3.40) 

Here the plus sign is for the first solution for which the S 5 part is given by (I3.20p and (I3.23p . 
while the minus sign is for the second solution (13. 24ft . the explicit form of \2 for this solution 
is given in subsection 13.61 The constant terms, the second and the third terms in the round 
bracket of (13.401) . will drop from (13.381) because of the derivative. Then the BPS condition is 
satisfied if the following third condition is imposed: 

- *(sin 6 T 16 + cos o ri3e < * a(o)Br * rB )<73 ( | ) = ( | ) • (3-41) 

In summary, since the projections ( 13.32ft . ( 13.371) and ( 13.411) commute with each other, both 
of the string solutions found in the previous subsection preserve 1/8 of the supersymmetry. 
The conditions (13.321) . (I3.4ip are the ones discussed in [T7] and another condition (I3.37P is for 
the rotating string. 

3.3 Solution in Poincare AdS 

The solution in the previous section is useful for the analysis of its symmetry property, but it 
is not suited to study the holographic correspondence to the gauge theory. This is because the 
local operator is located at infinity, and also the size of the loop is not clear. In order to study 
the correspondence, including the dependence on these parameters, we need to construct the 
solution in Poincare coordinate and put the local operator and the Wilson loop within a finite 
distance. 

In the Euclidean signature, the global coordinate and the Poincare coordinate are related 
through the following simple coordinate redefinition: 

Y = , R = re* E tanh p , (3.42) 

cosh p 

where r is a constant parameter. The AdS metric in (13. ip is changed to 

2 _ r2 dY 2 + {dX i ) 2 _ 2 dY 2 + dR 2 + R 2 {d^\ + sin 2 <^ 1 d V 2 2 + cos 2 <fid<pl) 

The flat 4-dimensional coordinate X is introduced as 

X = R(simpi cosy?2, sin cpx sin <f 2 , cos^i cosy3 3 , cos (fx sin (p 3 ) . (3.44) 
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The AdS part of the solution, which is given by ( 13. 19j) and (13.221) . is mapped to the configu- 
ration 



Y = Y(t e ) = re JTE ^/f + 1 tanh Vj 2 + 1t e + H - J , (3.45) 



re 



R = Rfa) = ~, 7= -r , (3-46) 

cosh(v/j 2 + lr E + 

which is the form found in [12J. Here we have introduced the functions Y(te) and -R(te) for 
later convenience. Although the solution is now in the Poincare coordinate, the position of 
the local operator is still at infinity, Y = oo. Then we further transform the solution by using 
the isometry of the Poincare AdS 

X' = * +5^ ^ > , r = . (3.47) 

l + 2c-X + c 2 (X 2 + Y 2 ) l + 2c-X + c 2 (X 2 + Y 2 ) 

This transformation brings the local operator to a point a finite distance from the Wilson 
loop. 

Let us consider the symmetric case, i.e., the local operator is on an axis of the Wilson loop. 
For this purpose we take c— (0, 0, 0, !/£)■ After the transformation f)3.47p . we further perform 
the translation into X 4 ' direction by —£r 2 /(£ 2 + r 2 ) and also the scale transformation by the 
factor [I 2 + r 2 )/£ 2 , so that the center of the Wilson loop comes to the origin and the radius 
of the loop becomes r. The position of the local operator after the whole transformation is 
x = (0, 0, 0, 1). The explicit form of the combined coordinate transformation is given by 

(.Y-,.Y'-,A-3',-A-)^<^ +r2)(X ' + g) -f, V= £±?E . (3.48) 

(X + xf + Y 2 (X + x) 2 + Y 2 

The solution (I3.45p . (I3.46P is mapped to 

X' = £2 \ R2 - y 2 (R cos a, R sin a, 0, -£) + (0, 0, 0,£) , Y' = f^fy-, ■ (3-49) 

The each worldsheet boundary, at te = and te = oo, is mapped to the circle (r cos a, r sin a, 0, 0) 
and the point (0, 0, 0, £) on the AdS boundary Y' = 0, respectively. Figure 1 depicts the string 
worldsheet for j — r — £ — 1. 

3.4 Evaluation of Action 

In order to study semi-classical string propagation, we evaluate the string action with boundary 
terms corresponding to initial and final states of the string. On the Wilson loop side, te = 0, 
it is standard to perform the Legendre transformation [6] with respect to the AdS radial 
coordinate u = l/Y' by adding the following boundary term: 

Sb jrE =o = ~ly u ■ (3.50) 

T E =0 



10 



Figure 1: The configuration in (X 1 ', X 2 ', X 4 ') and (X 1 ' \X 2 ' ' ,Y') spaces. The parameters are 
j = r = i = 1. 



Here L is the Lagrangian, i.e., the Euclidean action is given by Se = / dr^L. On the other 
boundary at rg = oo, we add the boundary term coming from the vertex operator Vj corre- 
sponding to the local operator Oj [23j[12j[24|: 

Y' 



-Si 



b,TE=0O 



logVj 



T E =00 



J log 



+ J log cos 9 sin xie 



"*X2 



(3.51) 



T E =00 



Y' 2 + (X' - x) 2 

Here sin^i = 1 for the present case. Since the each boundary term is divergent, we introduce 
cutoffs r_ and r + for lower and upper boundaries of the integral. In summary, we evaluate 
the following functional 



Stotal — 'S'bulk + 5'b,"r E =T_ + *S'b,r E =T + 



(3.52) 



For the bulk part Sb u ik, it is enough to evaluate it for the original solution (I3.19p . ( I3.20p . 
fl3T22|) and fl3T23l . 



dr E (sinh 2 p + sin 2 



Vx 


\: 


V\ 




Vx 


■ i 








" 1 



sinh p sin 9 



sin #o 

Vj 2 + 1 tanh Vj 2 + 1t + • • • 



(3.53) 
(3.54) 
(3.55) 
(3.56) 



Here the integration is done by using the relation f)3.39p . This divergence is canceled by the 
first boundary term: 



dL 
du 



u 



Va 



Y d m (R 2 + Y 2 ) 

Y £ 2 + R 2 + Y 2 



+ 



(3.57) 
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Here the second term in the square bracket on the third expression is zero in the limit r_ — > 0. 
So we have Y'/Y'\ = Y /Y*| in the limit. 

The evaluation of the vertex operator is as follows: 



J log 



Y' 



Y' 2 + (X' - x) 2 



J log 



Y(t+ 



J 



log 



+ r 2 



jr+ + log( Vi 2 + i - i) + 



J log cos #e" 



"*X2 



J 



- - iog(Vi 2 + 1 - i) + lo § 



r 



COS 2 #0 



+ 1 



COS #0 



where xo = X2(0). Adding all terms, the divergences cancel and we obtain 

j 



g— Stotal _ g— iJXO 



+ r' 



exp v A' 



/ 2 +i+j"io g h/r+i-/ 



(3.58) 

+ ••• 

(3.59) 

(3.60) 



where A' = A cos 2 9 , j' = j/ cos9 . This completely reproduces the large J limit of the gauge 
theory side including the scaling behavior; see the equations (12. 8p . (12.91) and (12.131) . Note 
that, in (12T91 . the factor ((jy(C)))" 1 on the left hand side cancels (^(v^)) -1 on the right 
hand side in the large A' limit [17], and (I3.60P reproduces the remaining factor in the large 
J ~ OiVX*) limit. 

3.5 Generic Configuration 



By the transformation (I3.47P the local operator can be placed at arbitrary point. Since the 
original solution (13 .45 p . (I3.46P is invariant under the rotation both on (X X ,X 2 ) plane and on 
(X 3 ,X 4 ) plane, we consider the transformation with c— (ci, 0,0,04). Then the Wilson loop 
is mapped to a circle which is parametrized by a inhomogeneously as 

(r cos a + Cir 2 , rsincr, 0, c 4 r 2 ) 



x(a 



x'(a) 



(3.61) 



1 + 1c\r cos a + c?r 2 

Because of the sigma dependence in 0(cr), this inhomogeneity cannot be removed from the 
Wilson loop by reparametrization; in other words, the coupling to the scalar fields is changed 
from the original one. 

The circle (13.611) is on the plane which is specified by 

Eg : aX 1 ' + bX 4 ' = 1 , X 3 ' = 0, Y' 







where, 



1 + c 2 r 2 - 2(ci)V 



2^2 



a = 2ci, 



c 4 r z 



The center Xy/ of the loop is now placed at 

r 2 Ci(— 1 + r 2 c 2 ) 



X 



w 



2^2> 



l + r 2 c 2 ) 2 - (2rc x f 



0, 0, 



r z c 4 (l + r z c 



1 +r 2 c 2 ) 2 - (2r Cl ) 2 



(3.62) 
(3.63) 

(3.64) 
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while the local operator is mapped to 



c 2 c 2 



x= 0,0,^1. (3.65) 



In the following, we concentrate on the case (1 + r 2 c 2 ) 2 — (2rci) 2 7^ 0. Each figure 2 and 
3 is the string worldsheet for (ci,c 4 ) = (0.3,0.2) and (ci,c 4 ) = (0.1,0.5) with j = r = 1. 
The lower plane in each figure is S^. The vertical axis in the left figure is taken to be 
(aX 1 ' + bX 4 ' - 1)/Va 2 + b 2 and that in the right fi gure is Y'. The configuration is specified 
by three parameters as depicted in Figure 4. The parameter r' is the radius of the Wilson 
loop, and £' is the distance between the point x and the surface The third parameter p' 
is the distance between the center of the Wilson loop and the local operator projected on E^. 
These parameters are given by 

r 



v/(l+r 2 c 2 ) 2 -(2r Cl ) 2 



(3.66) 



p' = |Cl1 — , (3.67) 

cV(l + r 2 c 2 ) 2 - (2r Cl ) 2 



C 4 



(3.68) 



c 2 ^(l + r 2 c 2 ) 2 - (2r Cl ) 2 ' 

For this solution, the evaluation of the string bulk action Sb u ik is not changed from (I3.56P 
because the isometry in AdS does not affect it. On the other hand, the boundary terms do 
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local operator 




Figure 4: A generic configuration is specified 
by the parameters r', p' and £'. 



change. The boundary term at r E = r_ is changed as 



y/X f 2lT , Y' 

/ da — 

2vr J Y< 



2vr 



2tt 



da 



o 



Y d TK (l + 2c-X + c 2 (X 2 + Y 2 )) 
y l + 2c- X + c 2 (X 2 + Y 2 ) 



(3.69) 



The cr-integral exists because the S 1 symmetry of the original solution is lost, namely, c ■ X 
depends on a. However, the second term in the square bracket drops in the limit r_ — > and 
the boundary term reduces to f)3.57p . 

The contribution from the vertex operator can be evaluated by using the relation 

Y' 

= c 2 Y . (3.70) 



Y' 2 + (X'-x 



This relation holds for generic c, in which case the position x of the local operator is given 
by x = c/c 2 . Then by comparing it with the second expression in (13.58j) . we understand that 
only the scaling factor is changed as follows: 



?2 



r 2 + £ 2 J ~* \) VV(P' 2 + f2 - r/2 ) 2 + 4 ^ V2 (0,1) 



This is exactly the scaling behavior derived in 
3.6 Second Solution 

In [T7], it was found that the unstable string solution corresponding to the 1/4 BPS Wilson 
loop reproduces the contribution from the second saddle point for the Bessel function. At 
the end of subsection 13.11 we mentioned that there exists the second solution for the equation 
(I3.18P which is given by 

sin 9 = v/j2 + 1 . (3.72) 

COsh a/J 2 + 1(-T E + T ) 

In the case without angular momentum, i.e., j = 0, the solution reduces to the one found in 
[T7] . However, for j ^ 0, the "size" of the string becomes greater than the radius of S 5 in 
the range r — £/ a/j 2 + 1 < r E < r + £/ a/j 2 + 1 . Hence we may expect that although it 
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satisfies the required boundary conditions at r E = and te — > oo, it does not contribute to the 
semi-classical analysis of the string propagation. On the other hand, in subsection 12.21 we also 
found that the second saddle point which is expected to correspond to the solution ( 13 . 72 j) is 
not on the steepest descent path we take. If the string theory could reproduce the exact Bessel 
function by the disk amplitude, it necessarily reproduce not only the leading contribution but 
also the whole structure of the integrand including the wrong saddle point. In this sense, the 
agreement of the behavior we found here seems to be fine. Now let us check that the saddle 
point value of the integrand of the modified Bessel function for this second saddle point is 
reproduced from the solution (I3.72p . 
For X2, we have§ 



/sinh(v^fTT(-r E + r ) - sinh( v^fTlro + f) 



(3.73) 



Vsinh( v /j 2 + l(-r E + r ) + sinh( v /j 2 + lr - f), 

which has branch cut between two roots for sin# = 1. However, in terms of the embedding 
coordinates, X s (te) zHA^te) = cos6 , (rE)e ±iX2(TE - ) , the branch cut coming from the factor e ±lX2 
is canceled by the branch cut from the factor cos 9 



cos 



sinh(Vj 2 + l(-r E + ro)±0 / sinh( y/j 2 + lr T fl 
cosh V / pTT(-r E + r ) V sinh( VTTTro ± £) ' 

The evaluation of the bulk action is changed as follows 



(3.74) 



/oo 
o?TE(sinh 2 p + sin 2 9) = VX 

The S 5 part of the boundary term is also changed 



— + V f + cos2 #o 



(3.75) 



Jlogcos^e 1X2 



J 



- jr+ - log(v^Tl - j) - log (Vj 72 + 1 - ]') + 7tz + • • • 



(3.76) 



By adding all the contribution, we obtain 



e -Stotai ^ (-i) J expv / A 7 



3' 2 + 



j 



(3.77) 



It is exactly the saddle point value found in subsection 12.21 Since the AdS part of the vertex 
operator is not changed, the scaling behavior found in subsection 13.41 or subsection 13.51 is not 
affected. 



4 Summary and Discussion 

We studied the holographic description for the correlation function of the 1/4 BPS Wilson 
loop and 1/2 BPS local operator in the presence of the large R-charge. First we constructed a 

* We set X2(0) = for simplicity. 
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rotating string solution which is extended in S 5 as well as AdSs. We checked that the solution 
preserves the 1/8 of the supersymmetry as expected from the gauge theory computation. This 
suggests that the correspondence may hold even for the finite distance between the Wilson 
loop and the local operator. This means that the contribution from the descendant operators 
in the OPE of the Wilson loop is reproduced from the string computation. By evaluating the 
total string action including boundary contributions, we found that the semi-classical string 
amplitude reproduces the correct saddle point value of the Bessel function. The resulting 
expression is given by the same function as [12] with the replacement 

A' = cos 2 ^nA , j 



cos #o 

The first equation is expected from the work [IT]. The correct scaling behavior is also re- 
produced. Next we constructed string solutions for generic configuration of Wilson loop and 
local operator by using isometry of Poincare AdS. Because of the a dependence in 0(a), the 
Wilson loop operator is changed from the original one. We have shown that the semi-classical 
analysis in the gravity side reproduces the scaling behavior, and hence the contribution from 
the descendants, discussed in [14] [IB"]. 

We also addressed the saddle point which is not on the steepest descent path in the gauge 
theory side. In the string theory side we found the string saddle point for which sin 6 becomes 
greater than 1, and hence it is not in the original integral domain. In the case J = 0, the 
solution reduces to the unstable solution discussed in [17]. This is quite natural since the 
corresponding saddle point of the Bessel function comes on the steepest descent path in the 
limit j' 0. By evaluating the saddle point value both in the string theory and the gauge 
theory, we found exact agreement for this saddle point as well. This property would be a 
necessary condition for the correspondence to hold beyond the large A limit. 



Note: While we were preparing the manuscript, the paper [25] appeared on arXiv, in which 
correlation functions including Wilson loop and local operator on S 2 is investigated, and the 
large J behavior f)3.60p is also derived in that context. 
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